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Abstract
We studied the high-order harmonic generation (HHG) from 2D solid materials in circularly and
bichromatic circularly polarized laser fields numerically by simulating the dynamics of single-active-
electron processes in 2D periodic potentials. Contrary to the absence of HHG in the atomic case,
circular HHGs below the bandgap with different helicities are produced from intraband transitions
in solids with C4 symmetry driven by circularly polarized lasers. Harmonics above the bandgap are
elliptically polarized due to the interband transitions. High-order elliptically polarized harmonics
can be generated efficiently by both co-rotating and counter-rotating bicircular mid-infrared lasers.
The cutoff energy, ellipticity, phase, and intensity of the harmonics can be tuned by the control of
the relative phase difference between the 1ω and 2ω fields in bicircularly polarized lasers, which
can be utilized to image the structure of solids.
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I. INTRODUCTION
High-order harmonic generation (HHG) from atomic and molecular gases has been studied
extensively [1, 2]. It has been utilized to generate attosecond laser pulses. The mechanism is
well described by the three-step recollision model [3]. Recently, more attention has been at-
tracted to the HHG from solids [4–12] with the development of long-wavelength lasers. Solid
HHG demonstrates novel characters different from the HHG from gases. For example, linear
cutoff energy dependence on the amplitude of the laser field [4], multi-plateau structure in
the HHG spectra [11], and different laser ellipticity dependence [4, 8, 9, 13–17]. However,
mechanisms of HHG from solids are still under debate. Inter- and intra-band transition
models [18–23] are proposed. Three-step model in coordinate space [22] and step-by-step
model in vector k space [24–27] are investigated. The drawback of the solid HHG is the
low damage threshold of solid materials. Many efforts have been undertaken to enhance the
yield of HHG. For example, two-color laser fields [28–30] and plasmon-enhanced inhomo-
geneous laser fields [21, 31–33] are used to manipulate the HHG process, especially for the
enhancement of the second plateau of the HHG spectra [21].
In circularly polarized laser fields, HHGs are absent in the atomic systems due to the
non-recollision spin motions of electrons in the classical picture [3] and forbidden transition
in the selection rules in the quantum picture. However, HHG occurs in molecular systems in
circularly polarized lasers because of additional recollision centers [34]. In the solid systems,
especially for 2D materials [15, 17, 35], because of the multi-center periodic potential wells
and delocalization of the wave packets, HHGs can be efficiently produced in circularly po-
larized driving laser fields with the polarization plane in the same plane of 2D solids [9, 17].
The intensity of HHG as a function of the driving laser ellipticity has been studied recently
[4, 13–16]. In this work, we study the ellipticity of HHG from solids driven by the external
circular and bicircular laser fields.
In bicircular laser fields [36–40], especially for the counter-rotating case, circular HHGs
with different helicities can be efficiently generated in atomic and molecular systems [36,
41, 42]. This has been experimentally demonstrated recently [43]. It can also be used to
illuminate chirality [44] and molecular symmetries [45–47]. It is also possible to generate
isolated elliptical and circular attosecond laser pulses [48–51]. However, the HHG from solids
in bicircular laser fields is rarely investigated. In this work, we study the electron dynamics
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FIG. 1. Illustration of the 2D periodic potentials in the range of x, y ∈ [−8, 8] a.u. The projection
of the potentials is in the bottom, showing the C4 symmetry of the system.
in 2D periodic potentials [52] to simulate the HHG process in solids. Atomic units are used
throughout.
II. NUMERICAL RESULTS BY SOLVING THE TIME-DEPENDENT SCHRO¨DINGER
EQUATION
In the single-active-electron approximation, the time-dependent Schro¨dinger equation(TDSE)
can be written as
i
∂Ψ(x, y, t)
∂t
= (
p2x
2
+
p2y
2
+ V (x, y) + xEx(t) + yEy(t))Ψ(x, y, t) (1)
where Ex(t) and Ey(t) are the x and y components of the laser fields. V (x, y) are two-
dimensional periodic Gaussian potentials [53]. The form for one unit cell is
Vc(x, y) = −V0 exp
{
−
[
αx
(x− x0)
2
a2
+ αy
(y − y0)
2
a2
]}
(2)
where V0 represents the maximum depth of the potential well, a is the length of the unit
cell, (x0, y0) are the coordinates of the center of the potential well. In this work, a = 4 a.u.,
V0 = 3π
2/2a2, αx = αy = 6.5. As illustrated in Fig. 1, this 2D system has C4 symmetry.
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FIG. 2. Brillouin zone and the energy band structure of the 2D potentials. Γ, X and M represent
the high symmetry points.
The electrons in the valence band are mainly distributed in each potential well, while the
the electrons in the conduction bands are more delocalized.
Based on Bloch’s theorem [24], the band structure of the system can be obtained by
diagonalization of the field-free Hamiltonian matrix in reduced Brillouin zone. The results
are shown in Fig. 2. Γ, X and M represent the high symmetry points illustrated in Fig.
2(a).
We solve the TDSE in the real space in the range x, y ∈ [−200, 200] a.u. The wave
functions are expanded by B-splines:
Ψ(x, y, t) =
∑
i,j
Ci,j(t)Bi(x)Bj(y) (3)
The time-dependent wavefunction is obtained by using the Crank-Nicholson method [20,
54]. An absorbing function is used at the boundary to remove artificial reflection. The
laser-induced currents along x and y axes are:
jx(t) = 〈Ψ(x, y, t)|pˆx|Ψ(x, y, t)〉,
jy(t) = 〈Ψ(x, y, t)|pˆy|Ψ(x, y, t)〉. (4)
The HHG spectra are calculated by Fourier transforms of the above currents. The ob-
tained complex xy components
√
Px(Ω) exp [iΦx(Ω)] and
√
Py(Ω) exp [iΦy(Ω)] of harmonic
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FIG. 3. HHG spectra from 2D periodic potentials in circularly polarized laser fields. (a) HHG
spectra along the x and y axes. The inset is the Lissajous curves of the electric field and vector
potential for one optical cycle of the laser field. (b) The ellipticity of each harmonic. (c) Phase
difference between the x and y components of harmonic emission. The intensity of the laser is
I = 8.77 × 1011W/cm2, the wavelength λ = 3.2 µm. The initial state in the TDSE calculation is
the state on top of valence band.
photon with energy Ω can be used to extract its ellipticity ε and phase δ. They are defined
as [34, 55]:
ε = tanχ, (5)
where
sin(2χ) = sin(2γ) sin δ,
tan γ =
√
Py(Ω)/Px(Ω),
δ = Φy(Ω)− Φx(Ω). (6)
The values of ε and δ are in the range of [-1, 1] and [0, 2π], respectively. ε > 0 represents
right polarization, while ε < 0 stands for left polarization.
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FIG. 4. Same as Fig. 3 except that the initial state in the TDSE calculation is a superposition of
all valence states.
III. HIGH-ORDER HARMONIC GENERATION IN CIRCULARLY POLARIZED
LASER FIELDS
The circularly polarized laser field is written in the following form:
Ex(t) = E0f(t) sin(ωt+ φ),
Ey(t) = E0f(t) cos(ωt+ φ). (7)
where the pulse envelope is
f(t) = cos2(π(t− τ/2)/τ), (8)
τ is the total pulse duration, which is set to be 10 cycles in this work. E0 = 0.005 a.u. The
wavelength is λ =3.2 µm.
At first, the initial state in our TDSE evolution is the single state on top of the valence
band, i.e., the state at M point in Fig. 2(b). The HHG spectra are presented in Fig. 3.
The ground state of atoms is localized to the atomic core. Without recollision of ionized
electron to the parent ion in the circularly polarized driving lasers, HHG can not be produced
no matter how intense the lasers are. Different from the absence of HHG from atoms in
circularly polarized driving laser fields, clear HHG signals with long plateau are generated in
our simulations. Due to the multiple potential wells, the electron states in both the valence
band and conduction band are delocalized. The transition probability between them is high
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even in the circularly polarized laser fields. In Fig. 3, strong odd harmonics are dominant.
One can find that circularly polarized odd harmonics with order less than 19 are generated
in Fig. 3(b). This energy is close to the minimum band gap between the valance band and
the first conduction band: Ec − Ev = 0.25 a.u. This is in the perturbation regime. The
harmonics are mainly from the intra-band transitions from previous studies [20, 23]. They
reflect the global motion of the electron wavepackets along the conduction band [23]. The
motion of electrons closely follows the spinning electric field from the circularly polarized
driving lasers. Consequently, circular HHGs are produced. Different from the transition
selection rules in the atomic case, circular harmonics with different helicities are allowed to
be produced from solids with different symmetries [56]. The selection rules for 2D solids with
C4 symmetry in circular driving lasers in [56] explain well why the helicity of HHG changes
alternately in Fig. 3 (b). For harmonics with order N > 20, they are generated from the
inter-band transitions with a plateau structure in the non-perturbation regime [20, 23]. The
harmonics reflect the local instantaneous polarization between the conduction band and the
valence band of the system [23]. The inter-band transitions do not closely follow the driving
circular fields. Elliptically polarized harmonics are presented instead. One may also notice
the weak even-order harmonics with N < 20 in Fig. 3, which are forbidden in the transition
selection rules in [56]. However, the rules are based on group theories, which are applicable in
global intraband oscillations rather than local interband polarization. To check if it is from
the asymmetry introduced by the finite laser pulses, we have increased the pulse duration to
20 cycles. The weak even harmonics remain, which suggests that they are from the influence
of interband transitions, similar to the case of interband-transition-induced even-order HHG
in linearly polarized laser fields [25]. The cutoff energy is determined by the maximum
energy band gap between the first conduction band and the valence band at all possible
wave vector ~k(t) from our proposed model [24] in the momentum space. ~k(t) = ~k(0)+ ~A(t),
where ~A(t) is the vector potential of the laser fields and |k(0)x| = |k(0)y| = π/a (M point).
From Fig. 2, the value of the maximum band gap between the valence band and the first
conduction band is around 41ω, agreeing well with the cutoff energy in Fig. 3, suggesting
that the HHG model for interband transition [24] is valid even in circularly polarized laser
fields.
The bandgap alongX−M is also small as illustrated in Fig. 2. To include the contribution
of all valence states, we use a normalized superposition of all valence states as the initial state
7
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FIG. 5. HHG spectra from 2D periodic potentials in co-rotating two-color circularly polarized laser
fields. (a) HHG spectra along the x and y axes. The inset is the Lissajous curves of the electric
field and vector potential for one optical cycle of the fundamental field. The phase φ = 0. (b) The
ellipticity of each harmonic. (c) Phase difference between the x and y components of harmonic
emission. The intensity of the laser is I = 8.77 × 1011W/cm2, the wavelength of the fundamental
laser is λ = 3.2 µm.
to do the TDSE simulations. The results are presented in Fig. 4. One may find that the
harmonics with order below 20 do not have perfect left or right circular polarization as shown
in Fig. 3, but elliptical polarization. It is due to the coupling of different valence states. The
similar thing occurs in the HHG from atoms in bi-circular lasers by involving the Rydberg
states [57]. Dynamic symmetry breaking of the system introduced by the superposition state
will change the polariztion of HHG. It may also explain why the experimentally measured
ellipticity of HHG is not exactly 1 [17]. In all the following calculations, we use the above
superpostion state as the initial state for the TDSE simulations.
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FIG. 6. HHG spectra in co-rotating two-color circular lasers with different phases. The parameters
of the laser field are the same as those in Fig. 5 except for different phases marked in the figure.
The spectra are shifted for clarity.
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FIG. 7. Phase difference of the third harmonic as a function of the phase in co-rotating lasers.
IV. HIGH-ORDERHARMONICGENERATION IN CO-ROTATINGTWO-COLOR
CIRCULARLY POLARIZED LASER FIELDS
Two-color linearly polarized lasers have been shown to be efficient tools to generation high
harmonics [28, 58]. In this work, we investigate the role of two-color circularly polarized
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lasers in HHG. The co-rotating two-color 1ω and 2ω laser fields are written as
Ex(t) = E0f(t)(sin(ωt) + sin(2ωt+ φ)),
Ey(t) = E0f(t)(cos(ωt) + cos(2ωt+ φ)). (9)
The intensities of the two lasers are set to be the same. The pulse shape and the durations are
the same as those in Eq. (7). The phase φ will rotate the electric fields and vector potentials
of the laser fields. The rotation angle in the Lissajous curve is equal to this phase. It plays
no roles in the HHG from atoms due to the isotropy, while it plays important roles in HHG
from solids. The HHG spectra with different phases φ are illustrated in Figs. 5 and 6.
For the HHG from atoms, this co-rotating scheme is not efficient [37] since the recollision
probability is still small. However, a long plateau with clear cutoff beyond the minimum
band gap can be observed from the HHG spectra in the above figures. This scheme of co-
rotating two-color circular lasers is also an efficient way to generate HHGs. Different from
the case of circular driving lasers, even-order harmonics are obviously generated and their
intensities are comparable to those of their neighboring odd harmonics. One may find that
the harmonics with order N < 19 below the minimum band gap are not circularly polarized
either, even though some of their ellipticities are close to 1. We also use the single state on
top of the valence band to do TDSE simulations (not shown here), no circular harmonics
are observed. It is mainly attributed to the different laser strengths along x and y axes as
illustrated in the inset of Fig. 5.
In the multiphoton picture [28, 37, 58], harmonic with order N may come from different
combinations of N1 ω and N2 2ω photons (N1 + 2N2 = N) with different strengths and
phases. The interference of these channels makes the phases of the harmonics complex. One
may find that the harmonic with order 8 shown in Fig. 5 is approximately linearly polarized.
Orientation dependent harmonic generation in linearly polarized pulses is a good way of
probing solid structure [14, 59, 60]. It can be extended to bicircular laser fields. To image
the structure of the solid material, harmonic intensities along x and y axes with different
phases φ in the driving lasers are presented in Fig. 6. The intensities of harmonics below
the bandgap as a function of φ exhibit a period of π/2, reflecting well the C4 symmetry of
the system. It can be a useful tool for probing the structure of solid target. However, the
harmonics contributed by the interband polarization above the bandgap with order N > 19
loose the periodicity since they are very sensitive to the laser fields, especially for short
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FIG. 8. HHG spectra from 2D periodic potentials in counter-rotating two-color circularly polarized
laser fields. (a) HHG spectra along the x and y axes. The inset is the Lissajous curves of the electric
field and vector potential for one optical cycle of the fundamental field. The phase φ = 0. (b) The
ellipticity of each harmonic. (c) Phase difference between the x and y components. The intensity
of the lasers is I = 8.77× 1011W/cm2, the wavelength of the fundamental laser is λ = 3.2 µm.
pulses [20]. The phase in Eq. (9) is equivalent to a delay of the two-color pulses. This delay
between the two drivers will amplify the effect of finite pulse duration on the instantaneous
interband transitions. The harmonic above the bandgap can not be used as an imaging tool.
We also calculated the phase difference δ in Eq. (6) of the third harmonic as a function of
the phase φ of the lasers in Eq. (9), which is shown in Fig. 7. One may find that it shows
a half period of π/2 and sensitivity to the external laser fields, which can be used to image
the symmetry group of the solid structure efficiently.
From Fig. 2, the band structure of the system is anisotropic. As a result, the phase
φ in the co-rotating driving lasers can be used to control the HHG process, and thus the
properties of the HHG signals, such as the cutoff energy, the relative intensity, and phase
difference of HHG along x and y directions.
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FIG. 9. HHG spectra in counter-rotating two-color circular lasers with different phases. The
parameters of the laser field are the same as those in Fig. 8 except for different phases marked in
the figure. The spectra are shifted for clarity.
V. HIGH-ORDERHARMONIC GENERATION IN COUNTER-ROTATINGTWO-
COLOR CIRCULARLY POLARIZED LASER FIELDS
The counter-rotating bicircular 1ω and 2ω laser fields with amplitude ratio 1:1 are written
as
Ex(t) = E0f(t)(sin(ωt) + sin(2ωt+ φ)),
Ey(t) = E0f(t)(cos(ωt)− cos(2ωt+ φ)). (10)
The calculated HHG spectra with different φ are shown in Figs. 8 and 9. The rotation angle
in the Lissajous curve is also the same as φ.
Circular HHGs with different helicities are generated from atoms in bicircular counter-
rotating laser fields [39]. The harmonics with order 3N are forbidden from the transition
selection rule in atomic systems. However, in Fig. 8, no perfect circular HHGs are pro-
duced in the case of solids. Some harmonics close to linear polarization are also generated in
12
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FIG. 10. Phase difference of the fourth harmonic as a function of the phase in counter-rotating
lasers.
counter-rotating bicircular laser fields. These features suggest the different mechanisms of
HHG from gases and solids. The harmonic order 3N is not restricted by transition selection
rules in this C4-symmetry potential wells. For the case of HHG from atoms, co-rotating
bicircular lasers are less efficient to generate harmonics compared to the counter-rotating
bicircular lasers due to the necessary condition of recollision. However, the efficiencies for
generating HHG from 2D solids are comparable in the co-rotating and counter-rotating
bicircular laser fields since the electron wave functions in both the valence band and con-
duction band are delocalized and the condition of electrons returning to its original position
is unnecessary.
The phase φ can be used to tune the ellipticity, the cutoff energies, relative intensity, and
phase difference δ of the xy components of the HHGs. It can also be used to image the
structure of solids. As shown in Fig. 9, the harmonic intensities along x and y directions
below the bandgap demonstrate a period of π/2. However, to retrieve the structure of
an unknown target, one should fit the intensity of a range of harmonics to achieve high
sensitivity. We also calculated the phase δ of the third and fourth harmonics as a function
of the phase φ of the lasers in Eq. (10). The phase of the third harmonic demonstrates a
similar -sine trend in co-rotating lasers illustrated in Fig. 7, while the phase of the fourth
harmonic shows a sine trend in Fig. 10. One may find that it also demonstrates a half
period of π/2 and sensitivity to the change of the external laser fields, which can be used to
13
image the solid structure efficiently.
The amplitude ratio of the bicircular lasers will also affect the HHG signals. The combi-
nations of lasers are not restricted to the fundamental and its second harmonic (1ω+2ω), it
can be generalized to any nω +mω bicircular field to control HHG in soilds. There are too
many ways to combine these parameters to control the HHG processes. Their effects will
not be discussed in this work.
VI. SUMMARY
In conclusion, we have studied the HHG from 2D solids in circular and bicircular co-
rotating and counter-rotating laser fields. Different from the HHG from atoms, circular
HHGs from intraband transitions can be generated in solids by circular driving lasers by
using a pure initial valence state. Contributions from different valence states will change
the polarization of harmonics. The efficiencies to generate harmonics from co-rotating and
counter-rotating bicircular lasers are comparable. Elliptically and linearly polarized har-
monics can be generated. The ellipticity, the relative intensity and phase difference between
the xy harmonic components, and the cutoff energy can be controlled by the phase of the
bicircular driving lasers. This phase dependence reflects the spacial distribution and the
energy band structure of the solid targets, which can be used as an imaging tool.
VII. ACKNOWLEDGMENTS
We thank XuanYang Lai and HongChuan Du for many very helpful discussions. This
work is supported by the National Natural Science Foundation of China(NSFC) (11561121002,
21501055, 11404376, 11674363, 61377109), Youth Science Foundation of Henan Normal
University (2015QK03), Start-up Foundation for Doctors of Henan Normal University
(QD15217).
[1] F. Krausz and M. Ivanov, “Attosecond physics,” Rev. Mod. Phys.81(1), 163-234 (2009).
14
[2] L.-Y. Peng, W.-C. Jiang, J.-W. Geng, W.-H. Xiong, and Q. Gong, “Tracing and controlling
electronic dynamics in atoms and molecules by attosecond pulses,” Phys. Rep. 575, 1-71
(2015).
[3] P. B. Corkum, “Plasma perspective on strong field multiphoton ionization,” Phys. Rev. Lett.
71(13), 1994-1997 (1993).
[4] S. Ghimire, A. D. DiChiara, E. Sistrunk, P. Agostini, L. F. DiMauro, and D. A. Reis, “Ob-
servation of high-order harmonic generation in a bulk crystal,” Nature Phys. 7(2), 138-141
(2011).
[5] K. F. Lee, X. Ding, T. J. Hammond, M. E. Fermann, G. Vampa, and P. B. Corkum, “Harmonic
generation in solids with direct fiber laser pumping,” Opt. Lett. 42(6), 1113-1116 (2017).
[6] U. Huttner, M. Kira, and S. W. Koch, “Ultrahigh Off-Resonant Field Effects in Semiconduc-
tors,” Laser Photonics Rev. 11(4), 1700049 (2017).
[7] C. Yu, X. Zhang, S. Jiang, X. Cao, G. Yuan, T. Wu, L. Bai, and R. Lu, “Dependence of high-
order-harmonic generation on dipole moment in SiO2 crystals,” Phys. Rev. A 94(1), 013846
(2016).
[8] C. Liu, Y. Zheng, Z. Zeng, and R. Li, “Effect of elliptical polarization of driving field on
high-order-harmonic generation in semiconductor ZnO,” Phys. Rev. A 93(4), 043806 (2016).
[9] L. N. Li and F. He, “Ionization and high harmonic generation of two-dimensional quasiperiodic
structures in arbitrarily polarized strong laser fields,” J. Opt. Soc. Am. B 34(1), 52-59 (2017).
[10] O. Schubert, M. Hohenleutner, F. Langer, B. Urbanek, C. Lange, U. Huttner, D. Golde, T.
Meier, M. Kira, S. W. Koch, and R. Huber, “Sub-cycle control of terahertz high-harmonic
generation by dynamical Bloch oscillations,” Nature Photon. 8(2), 119 (2014).
[11] G. Ndabashimiye, S. Ghimire, M. Wu, D. A. Browne, K. J. Schafer, M. B. Gaarde, and D. A.
Reis, “Solid-state harmonics beyond the atomic limit,” Nature 534(7608), 520-523 (2016).
[12] Y. S. You, M. Wu, Y. Yin, A. Chew, X. Ren, S. Gholam-Mirzaei, D. A. Browne, M. Chini,
Z. Chang, K. J. Schafer, M. B. Gaarde, and S. Ghimire, “Laser waveform control of extreme
ultraviolet high harmonics from solids,” Opt. Lett. 42(9) 1816-1819 (2017).
[13] N. Tancogne-Dejean, O. D. Mu¨cke, F. X. Ka¨rtner, and A. Rubio, “Ellipticity dependence of
high-harmonic generation in solids originating from coupled intraband and interband dynam-
ics,” Nat. Commun. 8 745 (2017).
15
[14] Y. S. You, D. A. Reis, and S. Ghimire, “Anisotropic high-harmonic generation in bulk crys-
tals,” Nat. Phys. 13(4), 345-349 (2017).
[15] N. Yoshikawa, T.Tamaya, and K. Tanaka, “High-harmonic generation in graphene enhanced
by elliptically polarized light excitation,” Science 356(6339), 736-738 (2017).
[16] T. Tamaya, A. Ishikawa, T. Ogawa, and K. Tanaka, “Higher-order harmonic generation caused
by elliptically polarized electric fields in solid-state materials,” Phys. Rev. B 94(24), 241107(R)
(2016).
[17] N. Saito, P. Xia, F. Lu, T. Kanai, J. Itatani, and N. Ishii, “Observation of selection rules for
circularly polarized fields in high-harmonic generation from a crystalline solid,” Optica 4(11),
1333-1336 (2017).
[18] K. A. Pronin, A. D. Bandrauk, and A. A. Ovchinnikov, “Harmonic generation by a one-
dimensional conductor: Exact results,” Phys. Rev. B 50(5), R3473-R3476 (1994).
[19] K. A. Pronin, and A. D. Bandrauk, “Coherent control of harmonic generation in superlattices:
single-mode response,” Phys. Rev. Lett. 97(2), 020602 (2006).
[20] Z. Guan, X. X. Zhou, and X. B. Bian, “High-order-harmonic generation from periodic poten-
tials driven by few- cycle laser pulses,” Phys. Rev. A. 93(3), 033852 (2016).
[21] T.-Y. Du, Z. Guan, X.-X. Zhou, and X.-B. Bian, “Enhanced high-order harmonic generation
from periodic potentials in inhomogeneous laser fields,” Phys. Rev. A 94(2), 023419 (2016).
[22] G. Vampa, C. R. McDonald, G. Orlando, P. B. Corkum, and T. Brabec, “Semiclassical analysis
of high harmonic generation in bulk crystals,” Phys. Rev. B 91(6), 064302 (2015).
[23] T. Y. Du, X. H. Huang, and X. B. Bian, “High-order-harmonic generation from solids: The
contributions of the Bloch wave packets moving at the group and phase velocities,” Phys. Rev.
A 97(1), 013403 (2018).
[24] T.-Y. Du and X.-B. Bian, “Quasi-classical analysis of the dynamics of the high-order harmonic
generation from solids,” Opt. Express 25(1), 151-158 (2017).
[25] G. R. Jia, X. H. Huang, and X. B. Bian, “Nonadiabatic redshifts in high-order harmonic
generation from solids,” Opt. Express 25(20), 23654-23662 (2017).
[26] M. Wu, D. A. Browne, K. J. Schafer, and M. B. Gaarde, “Multilevel perspective on high-order
harmonic generation in solids,” Phys. Rev. A 94(6), 063403 (2016).
[27] T. Ikemachi, Y. Shinohara, T. Sato, J. Yumoto, M. Kuwata-Gonokami, and K. L. Ishikawa,
“Trajectory analysis of high-order-harmonic generation from periodic crystals” Phys. Rev. A
16
95(4), 043416 (2017).
[28] G. Vampa, T. J. Hammond, N. Thire´, B.E. Schmidt, F. Le´gare´, C. R. McDonald, T. Brabec
and P. B. Corkum, “Linking high harmonics from gases and solids,” Nature 522(7557), 462-
464 (2015).
[29] X. Liu, X. Zhu, P. Lan, X. Zhang, D. Wang, Q. Zhang, and P. Lu, “Time-dependent population
imaging for high-order-harmonic generation in solids,” Phys. Rev. A 95(6), 063419 (2017).
[30] J. B. Li, X. Zhang, S. J. Yue, H. M. Wu, B. T. Hu, and H. C. Du, “Enhancement of the second
plateau in solid high-order harmonic spectra by the two-color fields,” Opt. Express 25(16),
18603-18613 (2017).
[31] G. Vampa, B. G. Ghamsari, S. S. Mousavi, T. J. Hammond, A. Olivieri, E. L. Skrek, A.
Y. Naumov, D. M. Villeneuve, A. Staudte, P. Berini and P. B. Corkum, “Plasmon-enhanced
high-harmonic generation from silicon,” Nat. Phys. 13(7), 659-662 (2017).
[32] J. D. Cox, A. Marini, and F. J. G. d. Abajo, “Plasmon-assisted high-harmonic generation in
graphene,” Nat. Commun. 8, 14380 (2017).
[33] S. Han, H. Kim, Y. W. Kim, Y.-J. Kim, S. Kim, I.-Y. Park, and S.-W. Kim, “High-harmonic
generation by field enhanced femtosecond pulses in metal-sapphire nanostructure,” Nat. Com-
mun. 7, 13105 (2016).
[34] K. J. Yuan and A. D. Bandrauk, “High-order elliptically polarized harmonic generation in
extended molecules with ultrashort intense bichromatic circularly polarized laser pulses,”Phys.
Rev. A 81(6), 063412 (2010).
[35] H. Liu, Y. Li, Y. S. You, S. Ghimire, T. F. Heinz, and D. A. Reis, “High-harmonic generation
from an atomically thin semiconductor,” Nat. Phys. 13(3), 262-266 (2017).
[36] T. Zuo and A. D. Bandrauk, “High-order harmonic generation in intense laser and magnetic
fields,” J. Nonl. Opt. Phys. Mat. 4(3), 533-546 (1995).
[37] H. Eichmann, A. Egbert, S. Nolte, C. Momma, B. Wellegehausen, W. Becker, S. Long, and J.
K. McIver, “Polarization-dependent high-order 2-color mixing,” Phys. Rev. A 51(5), R3414-
R3417 (1995).
[38] S. Long, W. Becker, and J. K. McIver, “Model calculations of polarization-dependent 2-color
high-harmonic generation,” Phys. Rev. A 52(3), 2262-2278 (1995).
[39] D. B. Milosˇevic´, W. Becker, and R. Kopold, “Generation of circularly polarized high-order
harmonics by two-color coplanar field mixing,” Phys. Rev. A 61(6), 063403 (2000).
17
[40] D. B. Milosˇevic´ and W. Becker, “Attosecond pulse trains with unusual nonlinear polarization,”
Phys. Rev. A 62(1), 011403(R) (2000).
[41] K. J. Yuan and A. D. Bandrauk, “Circularly polarized attosecond pulses from molecular high-
order harmonic generation by ultrashort intense bichromatic circularly and linearly polarized
laser pulses” J. Phys. B 45(7), 074001 (2012).
[42] F. Mauger, A. D. Bandrauk, and T. Uzer, “Circularly polarized molecular high harmonic
generation using a bicircular laser,” J. Phys. B 49(10), 10LT01 (2016).
[43] O. Kfir, P. Grychtol, E. Turgut, R. Knut, D. Zusin, D. Popmintchev, T. Popmintchev, H.
Nembach, J. M. Shaw, A. Fleischer, H. Kapteyn, M. Murnane, and O. Cohen, “Generation of
bright phase-matched circularly-polarized extreme ultraviolet high harmonics,” Nature Pho-
ton. 9(2), 99-105 (2015).
[44] D. B. Milosˇevic´, “Circularly polarized high harmonics generated by a bicircular field from
inert atomic gases in the p state: A tool for exploring chirality-sensitive processes,” Phys.
Rev. A 92(4), 043827 (2015).
[45] D. Baykusheva, M. S. Ahsan, N. Lin, and H. J. Wo¨rner, “Bicircular High-Harmonic Spec-
troscopy Reveals Dynamical Symmetries of Atoms and Molecules,” Phys. Rev. Lett. 116(12),
123001 (2016).
[46] X. S. Zhu, X. Liu, Y. Li, M. Y. Qin, Q. B. Zhang, P. F. Lan, and P. X. Lu, “Molecular high-
order-harmonic generation due to the recollision mechanism by a circularly polarized laser
pulse,” Phys. Rev. A 91(4), 043418 (2015).
[47] D. M. Reich and L. B. Madsen, “Illuminating Molecular Symmetries with Bicircular High-
Order-Harmonic Generation,” Phys. Rev. Lett. 117(13), 133902 (2016).
[48] D. B. Milosˇevic´, “Generation of elliptically polarized attosecond pulse trains,” Opt. Lett.
40(10), 2381-2384 (2015).
[49] L. Mediˇsauskas, J. Wragg, H. van der Hart, and M.Y. Ivanov, “Generating Isolated Elliptically
Polarized Attosecond Pulses Using Bichromatic Counterrotating Circularly Polarized Laser
Fields,” Phys. Rev. Lett. 115(15), 153001 (2015).
[50] K. J. Yuan and A. D. Bandrauk, Phys. Rev. Lett. “Single Circularly Polarized Attosecond
Pulse Generation by Intense Few Cycle Elliptically Polarized Laser Pulses and Terahertz Fields
from Molecular Media,” 110(2), 023003 (2013).
18
[51] C. L. Xia and X. S. Liu, “Quantum path control and isolated attosecond pulse generation with
the combination of two circularly polarized laser pulses,” Phys. Rev. A 87(4) 043406 (2013).
[52] P. G. Hawkins, M. Y. Ivanov, and V. S. Yakovlev, “Effect of multiple conduction bands on
high-harmonic emission from dielectrics,” Phys. Rev. A 91(1), 013405 (2015).
[53] R. L. Pavelich and F. Marsiglio, “Calculation of 2D electronic band structure using matrix
mechanics,” Am. J. Phys. 84(12), 924-935 (2016).
[54] X.B. Bian, “Photoionization of atoms and molecules studied by the Crank-Nicolson method,”
Phys. Rev. A 90(3), 033403 (2014).
[55] M. Born and E. Wolf, Principles of Optics: Electromagnetic Theory of Propagation, Interfer-
ence and Diffraction of Light (Cambridge University Press, Cambridge, UK, 1999), 7th ed.,
Chap. I.
[56] C. L. Tang and H. Rabin, “Selection Rules for Circularly Polarized Waves in Nonlinear Optics,”
Phys. Rev. B 3(12), 4025-4034 (1971).
[57] A´. Jime´nez-Gala´n, N. Zhavoronkov, M. Schloz, F. Morales, and M. Ivanov, “Time-resolved
high harmonic spectroscopy of dynamical symmetry breaking in bi-circular laser fields: the
role of Rydberg states,” Opt. Express 29(19), 22880-22896 (2017).
[58] B. Zaks, R. B. Liu and M. S. Sherwin, “Experimental observation of electron-hole recollisions,”
Nature 483(7391), 580-583 (2012).
[59] M. Wu, Y. You, S. Ghimire, D. A. Reis, D. A. Browne, K. J. Schafer, and M. B. Gaarde, “Ori-
entation dependence of temporal and spectral properties of high-order harmonics in solids,”
Phys. Rev. A 96(6), 063412 (2017).
[60] P. Nagler, M. V. Ballottin, A. A. Mitioglu, F. Mooshammer, N. Paradiso, C. Strunk, R. Huber,
A. Chernikov, P. C. M. Christianen, C. Schu¨ller, and T. Korn, “Giant magnetic splitting
inducing near-unity valley polarization in van der Waals heterostructures,” Nat. Commun. 8,
1551 (2017).
19
